We consider a set of radiative contributions from one-loop lepton vacuum polarization to the hyperfine splitting of true muonium. Improving previous results, we obtain values for the electron-loop coefficients and extract their leading dependence upon β = mµ/me. The coefficients are C [40] has discussed a search during an upgraded run [41] . In both situations, the true muonium will be relativistic, necessitating consideration to the effect of boost on wave functions and production rates [42] [43] [44] .
True muonium is the yet unidentified (µμ) bound state with lifetimes on the order of ps [1] . QED dominates the characteristics of true muonium, while QCD and Electroweak effects appear at O(m µ α 5 ) [2] and O(m µ α 7 ) [3] respectively. The need to discover and study true muonium is motivated by the existing discrepancies in muon physics [4] [5] [6] [7] [8] . Both new physics models and systematic errors in the experiments have been proposed to resolve these discrepancies. Other works have suggested a more subtle understanding of known physics is required [31] [32] [33] [34] [35] [36] . True muonium can produce competitive constraints on all these solutions if the standard model predictions are known to the 100 MHz level, corresponding to O(m µ α 7 ) [37] . Today, the Heavy Photon Search (HPS) [38] experiment is searching for true muonium [39] , and DImeson Relativistic Atom Complex (DIRAC) [40] has discussed a search during an upgraded run [41] . In both situations, the true muonium will be relativistic, necessitating consideration to the effect of boost on wave functions and production rates [42] [43] [44] .
In this work, we will focus on improving the theoretical prediction for the hyperfine splitting (hfs). To review, the expression for the hfs corrections to true muonium from QED can be written
where C ij indicate the coefficient of the term proportional to (α) i ln j (1/α) and for i = 0, 1 the second index is dropped. C ij include any dependence on mass scales other than m µ (e.g m e , m π , m τ ,...). [45, 46] ). The exchange m e → m µ translates these results to true muonium.
True muonium receives further contributions that are typically neglected in positronium. Most importantly, the existence of the lighter electron allows for large vacuum loop contributions. The relative smallness of m τ /m µ ≈ 17 and m π /m µ ≈ 1.3 produce non-negligible contributions as well. Of these true muonium specific contributions, denoted by C µ ij , only a few terms are known.
The hadronic contribution to the annihilation channel, C µ 1,hvp = −0.04874 (9) , has been recently computed using the experimental Drell ratio R(s) [2] . The leptonicloops in the two-photon annihilation channel coefficient C µ 20,2γ = −2.031092873 is known exactly [46] , and the electron loop in three-photon annihilation has been calculated numerically C µ 30,3γ = −5.86510(20) [47] . The leading-order contributions from Z-bosons has also been computed [3] .
Ref. [48] presented calculations for the correction to the n = 1, 2 S-states from electron vacuum polarization in the Coulomb line with an additional transverse photon (VPCT), vacuum polarization in the Coulomb line with an annihilation photon (VPCA), and the vacuum polarization in a transverse photon (VPT). With C 1,hvp now known to a higher precision, the uncertainty from finite precision in these contributions, 200 MHZ, is as large as the unknown higher-order contributions and therefore must be removed. These results would naively scale as O(m µ α 6 ), but the electron loops modify this scaling to
. This large enhancement over naive α scaling led [48] to assign this contribution to O(m µ α 5 ), finding it to be for the ground statẽ Together, these contributions predict ∆E 1s hfs = 42329429(16) had (200) 1,e (700) miss MHz where the first uncertainty estimate is from hadronic experimental uncertainties, the second from the finite precision of C 1,e computed in [48] , and the final is from uncalculated O(m µ α 6 ) contributions. In this work, we will instead assign these contributions to their correct α 6 scaling and compute them to higher precision. Along the way we will also correct errors in the literature and in the case of the VPT derive an analytic expression. This completely reduces the uncertainty from finite precision. We compute these contributions for the dimensionless variable β = mµ me . Additionally, we use the scattering approximation to compute the full radiative contribution at O(m µ α n ) from µ and τ loops in the two-photon exchange channel where n = 6, 7, 8.
We reproduce the µ-loop values of C 20,VPX = 
I. VPC-T AND VPC-A
The vacuum polarization insertion into the Coulomb line with an additional transverse photon (VPCT) and with an annihilation photon (VPCA) are related by their relative contribution to the hyperfine splitting (4/7 and 3/7, respectively) and therefore we only need compute one. Following [48] , we compute VPCT. The contribution is given by
where n is the energy level and we emphasize that the coefficients have an n dependence, and E F is the Fermi energy. ∆ψ nS (0)/ψ nS (0) is the correction to the wave function, given by
. (4) where Ω indicates an integration over all space. The Uehling potential is given by
where λ = 2m e / √ 1 − v 2 . The reduced Coulomb Green's function,Ḡ nS (E nS ; 0, r), can be expressed in closed form for S states [52] . For the cases of n = 1, 2, these formulae arē
where z n = 2αm r r/n and γ is Euler's constant. The integrals over r can be done analytically and the remaining v integral for the 1S state is given by
where θ = √ 1 − v 2 , and x = αβ = αmµ me . An integral expression in terms of only x and v can be found for 2S as well, but is omitted for length. Numerically integrating these expressions, we find C =103948.8793 MHz ,
=89933.5235 MHz .
II. VPT
The contribution of one-loop electron vacuum polarization in a transverse photon is given by the interaction between the magnetic field induced by the Uehling potential and the muons. The general expression for these terms to a given nS state is
In deriving their expressions, it is clear that [48] 
where for n = 1 and x < 2, we have derived an analytic expression:
similarly for n = 2 and x < 4, we have:
For true muonium, these coefficients are C 
III. USING THE SCATTERING APPROXIMATION
We wish to consider the heavy lepton contributions from Fig. 1 to the 1S state within the scattering approximation. This approximation multiplies |ψ(0)| 2 by the loop integral with the on-mass-shell fermions. These results are valid when the loop momenta are much larger than the momenta of the bound state, O(m µ α). Insertions of vacuum polarization loops to the skeleton diagram effectively makes exchanged momenta O(m j ) where j is the loop particles. The infrared-divergent skeleton diagram of the two-photon exchange obtained in the scattering approximation which requires m αm . It is found to have a simple form [50, 51, 53] :
where
While this integral itself is infrared-divergent, all radiative insertions into the expression will render it convergent.
Radiative loop corrections from heavy leptonic loops to the two photon exchange graph considered in this work.
The one-loop polarization insertion given in momentum space is
The contribution of n one-loop vacuum polarization insertions is obtained from Eq. (17) with α π q 2 I 1,β (q) n and the appropriate combinatoric factor. The integral over v can be performed analytically, and the resulting q 2 integral is
where the factor of n reflects the combinatorics.
In the case of β = 1, we can analytically solve this equation for n = 2, 3, 4.
Our results agree with previous calculations for C 20 We have fit a large number of numerical values to find the β scaling for n = 2, 3, 4. The coefficients are increasingly well-approximated by C n0,VPX ∝ β with increasing n. The C n0,VPX ∝ β behavior at large n agrees with naive scaling expectations inside loops, and can be used to guide estimates of higher order corrections.
IV. CONCLUSION
In conclusion, we have computed several critical corrections to the hyperfine splitting of true muonium necessary to reach 100 MHz precision. The recalculation of the VPCT, VPCA, and VPT diagrams has reduced the error budget by 200 MHz by removing the error from finite precision and in the case of VPT has yielded analytic results. We have further computed C n0,VPX for n = 2, 3, 4 for values of β that are physically relevant. The current theoretical prediction is ∆E Cn0,VPX κ n = 2 1.082(1) n = 3
1.013(1) n = 4
1.0031 (4) 
